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Capitulo_1

Protocolo de.-tesis

1.1. Introduccion

Hoy en dia el cambio climético ha dcasionado que diversos fendémenos naturales
tengan consecuencias muy costosas para la sociedad, como por ejemplo la DANA (De-
presion Aislada en Niveles Altos) que afeet@@'la region de Sevilla en Octubre de 2024,
inundaciones en la ciudad de MéxXige originadas por desbordes del gran canal, agosto
2025, las inundaciones que se suscitaron en TabaSco en los anos 2000, 2007, 2020 por el
desborde simultaneo de los rios que afraviesan da planicie tabasquena. Para mitigar el
dafnio que éstos fendmenos puedan ocasionar, es necesario estudiar su naturaleza y poder
generar modelos que los predigan.

En este trabajo nos centraremos en lasmodelacion matemética del flujo de agua
en un canal o Rio, y de la simulaciéon numérica de dichoaodelo mateméatico. La base
para la resolucion numérica de flujos no permanentes en supéxficie libre modelados por
sistemas de leyes de conservacion hiperbolicas esté en la cérreeta solucion analitica o
aproximada del problema de Riemann asociado. En el caso delflujo de agua, el problema
de Riemann se conoce como problema de Dam-break o rotura de pfesapel cual se idealiza
de la siguiente forma: Existe una barrera vertical que dividecun fluido (agua
por ejemplo) en dos diferentes alturas, h; altura del agua a la izquierda y h,
altura del agua a la derecha, tal que h; < h,. Suponga que en un determinado instante
de tiempo la barrera se quita (o se rompe) y el fluido fluye de izquierda a=derecha. El
problema se torna mas complicado cuando se supone que el flujo del agua‘sesda sobre
un lecho movible, el cual a la izquierda de la barrera contenia una alta concentracion
de sedimento (arena, arcilla, lodo, grava) tal que el volumen de entrada dellmaterial
puede ser considerable e incluso puede alcanzar, en ciertos momentos, el orden de la
magnitud del volumen de agua contenido antes de quitar la barrera, como lo semalan
Morichon, Desombre y Simian (2013) [P5]. En otras palabras, en este tipo de fenémen6s
se solucionan dos problemas de Riemann, el primero asociado al nivel del agua con h;§
h, las alturas del agua a ambos lados de la presa y el segundo con b; y b, los niveles del
fondo sedimentado a ambos lados de la presa. Tal como la altura del agua evoluciona,
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lo hardn los niveles del fondo sedimentado.

Es importante realizar una delimitacion formal respecto al alcance de este trabajo.
Si bien la gision original y el titulo del proyecto de investigacion contemplaban pro-
yecciones hagtalla modelacion bidimensional (2D) y su potencial implementacion en
herramientas de”software hidroinforméatico comercial/libre, el alcance efectivo, valida-
do y presentadotes lesta tesis se centra en el anélisis y simulacién unidimensional. La
trabajo matematice y.computacional aqui desarrollada constituye una base solida para
futuras extensiones ‘espaciales, las cuales serdn objeto de trabajo futuro.

1.2. Marco tedrico

Muchos modelos sobre roturasde presa pueden ser encontrados en la literatura, los
cuales son usados para predecir ehflujo y la extension de inundaciones, pero la mayoria
de estos modelos son solo aplicables®para fondo fijo. En eventos extraordinarios, como
por ejemplo, rotura de presas o fallas ‘de diques, el flujo induce movimientos severos
de sedimentos en varias formas, ya sea\flujo de particulas (material), flujo lodoso,
corrientes cargadas de sedimente$ con‘rocas o lodo, como se menciona en Xia, et al
(2010) [P10]. En general existen.fuertes=imiteracciones entre el flujo, el trasporte de
sedimentos y la morfologia del ¢amal~ Expeérimentos en laboratorio han contribuido
significativamente a entender la hidsdulica de‘una,rotura de presa sobre fondo movible,
Ji Li, et al (2013) [P6]. Los cambios rapidos delfondo.inducen un salto de la superficie
del agua mientras que un escurrimiento aparece ‘ensel punto déonde estaba ubicada la
presa, como se expresa por Morinchon, Desembre y*Simian (2013) [P5].

Dado que los experimentos fisicos requieren de mucho tiempo para su preparacion y
de un coste monetario significativo, una forma alternativasde mejorar el entendimiento
del flujo de una rotura de presa con fondo movible, flujo del transporte de sedimen-
to, es mediante la modelacion computacional de los mismeSs,. en ese campo el trabajo
de Capart y Young (1998) [P2] ha actuado como un catalizador para el desarrollo de
muchos métodos numeéricos.

Para poder llevar a cabo la modelaciéon computacional del flifjo~del transporte de
sedimento es necesario tener un sistema de ecuaciones diferenciales ‘gie tome en cuenta
las caracteristicas principales del fenémeno, como lo son, los procesos de cambios morfo-
logicos en el fondo y la evolucion de la altura del fluido y su velocidad. Una-epcién para
poder hacer esto es, utilizar modelos que por una parte predigan el compoxtamiento del
fluido y después el cambio del fondo (modelos desacoplados) o modelos quescalculen
todos los procesos a la vez (modelos acoplados). Los primeros métodos numéricos que
simulaban el flujo de una rotura de presa sobre fondo movible adoptaron soluciones
desacopladas, la cuales no toman en cuenta los efectos del transporte del sedimeuntoly
la deformacion del fondo debida al movimiento del flujo.

Cao et al (2004) [P4], presentan un modelo en el cual el transporte de sedimentos
inducido por el flujo del agua y la evolucion morfologica se tiene en cuenta mediante
una ley de trasporte de fondo. En dicho trabajo se presenta una caracterizacion de las
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solucionesidel problema de Riemann asociado al flujo del transporte de sedimentos. Wu
y Wang' (2007) [P9], proponen un modelo unidimensional acoplado para investigar los
procesos morfodindmicos ocasionados por el flujo de una rotura de presa sobre lecho
movil.

Modelos bidimensiolanes para los flujos de transporte de sedimentos con fondo mo-
vible que calculen simultaneamente la hidrodinamica y la morfologia del lecho son
reportados esporadigamente dada la complejidad del flujo del transporte de sedimento
y la evolucion del fondo..Simpson y Castelltort (2006) [P8|, han extendido los modelos
unidimensionales con seluciones acopladas a un modelo 2D para el flujo de lamina libre,
para solucionar numericamente este tipo de problemas proponen utilizar el método de
Godunov de primer orden, cuya idea es suponer que se puede resolver el problema de
Riemann asociado de manera exXacta para un tiempo corto, y con esto construir flujos
numéricos que ayuden a calcular'la evolucion temporal del fenémeno de estudio.

J. Xia et al (2010) [P10], acoplam un modelo 2D hidrodindmico con un moédulo de
transporte de sedimentos y evolucidonrdel fondo para predecir simultaneamente la hi-
drodindmica, concentracion de sedimentos y cambio morfologicos. Utilizan este modelo
para investigar, la influencia de las diferentes composiciones del material del fondo en
los niveles de inundaciones y 16s/cambios anerfologicos del fondo.

Una forma atractiva para modelar una’ retura de presa son los modelos de dos
fases o dos capas, en la primera eapa se tendria el agua limpia y en una segunda
capa se consideran las interacciones explicitas entresel sedimento y el agua debido a la
estructura estratificada del flujo. Algunios"modelos.doble capa DL (Double-Layer) son
simplificados, puesto que se supone constanteda concentracion de carga del fondo, la cual
en un principio es una incégnita a solucionar’por el método numérico. En los modelos
existentes SDL (Simplified Double Layer) este valor se eSpe€ifica a priori, introduciendo
incertidumbre y con ello violando la ley de conservacion dé masa del sedimento, Ji Li
et al (2013) [P6].

Un modelo multi-capa libre de malla fue propuesto por Shakibaenia y Jim (2011)
[P7], en este trabajo demuestran que es necesario un modelo no newtoniano para re-
producir detalladamente las caracteristicas del flujo y del sedimento:

JiLi et al (2013) [P6], construyen un sistema de leyes de conservacion de masa y mo-
mento para cada capa con las relaciones que representan las interfacesy la profundidad
y las tensiones tangenciales. Las ecuaciones que gobiernan cada capa sonytin.sistema
cuasi hiperbolico no-homogéneos mientras que la interaccion entre las capés y el fon-
do movible, la resistencia de las fronteras y la accion gravitacional son represehtadas
en el término fuente. Para cada sistema hiperbolico se calcula la solucion usand@ymé-
todos flux-splitting y un esquema Runge-kutta para solucionar la ecuaciéon difereneial
ordinaria que induce el término fuente.

Los modelos existentes reportan buenos resultados, pero al momento de ser contras-
tados con la realidad los resultados muestran diferencias significativas tanto cualitativas
como cuantitativas
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1.3.7 Justificacion

El problema de las inundaciones es un fenémeno que estd afectando cada vez a
mas personas, \ya sea por el crecimiento de la mancha urbana que lleva a construir en
areas que son #asos reguladores, o por las intensas lluvias que se dan por el cambio
climético, las cuales ocasionan el desborde de los rios. Tradicionalmente el anélisis de
las inundaciones se'lleva a cabo considerando solamente las variables hidrodinamicas y
desprecian tanto la ‘conicentracion de sedimentos y los procesos de erosion y deposito
o éstos tltimos son tomados en cuenta de forma desacoplada o simplificada. Trabajar
de esta forma para predéciriel alcance y magnitud de inundaciones no es ideal ya que
los cambios morfologicos afectan al flujo, pueden llegar a ocasionar mayores niveles de
inundacion y ocasionan quetasvelocidad del flujo se incremente. En eventos de inun-
daciones se pueden originar falla§ en_estructuras (puentes, carreteras, edificios) debido
a socavones, los cuales en modelosunidimensionales o bidemensionales no pueden ser
predecidos de manera correcta. Temer un modelo que tenga en cuenta todos los fendéme-
nos que ocurren durante las inundaciones y una forma adecuada de poder solucionarlo
es de suma importancia para predecir de-forma precisa el nivel de una inundacion, has-
ta donde llegara, qué velocidadeS’alcanzara en determinadas areas, qué zonas podrian
tener comprometidas sus estructura. El poder predecir inundaciones es de vital impor-
tancia para la toma de decisiones gportunas gue ayuden a mitigar los danos de éstas y
las pérdidas (humanas y econémicas) que se otigiia como resultados de estos eventos
extraordinarios en la naturaleza.

1.4. Pregunta de investigacion

.De qué manera la implementacion de esquemas de voltinienes finitos para resolver
sistema acoplados de 1D para el transporte de sedimentos permite reproducir consis-
tentemente la evoluciéon morfodinamica en este tipo de flujos?

1.5. Hipotesis

Los modelos en ecuaciones diferenciales parciales unidimensionales acoplados, resuel-
tos a través de esquemas en volimenes finitos bien equilibrados, capturan eén mayor
precision la evolucion del lecho movil al integrar de forma simultanea la ‘interaccion
entre los procesos hidrodindmicos y los procesos morfodindmicos del flujo.

1.6. Objetivo general

Desarrollar y analizar un modelo matematico unidimensional en ecuaciones diferen-
ciales parciales para el transprote del sedimento cuya solucién esté basada en esquemas
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de volimenes finitos que permita calcular la hidrodindmica, el transporte de sedimentos
y los cambios morfologicos en flujos de superficie libre

1.6.1. Objetivos especificos

1.

2.

3.

4.

3.

1.7.

1.

2.

3.

4.

d.

Analizar 1a_formulacion matemaética y las propiedades del sistema acoplado uni-
dimensional dedas ecuaciones de Saint-Venant y Exner.

Formular e implementar esquemas numéricos de volumenes finitos adaptados para
resolver adecuadaménteslos términos fuente no conservativos en 1D.

Recopilar y seleccionandatos de pruebas experimentales de laboratorio reportados
en la literatura (como rdturas de presa sobre fondo movil y evolucion de canales).

Validar la precision, estabilidad y capacidad de conservacion de los esquemas
numeéricos mediante la simulaciémde casos de estudio morfodindmicos unidimen-
sionales.

Comparar el desempeno”computacionalyy la resolucion de las discontinuidades
entre los diferentes esquemas”eyvaluados sobre la evolucion del perfil longitudinal
del fondo.

Metodologia

Se analizo la estructura matemaética delsistema de.€cuaciones acopladas de Saint-
Venant—Exner en una dimensiéon espacial.

Se formuld una discretizacion del sistema mediante el método de voliimenes finitos,
integrando approximated Riemann solver,tales como los Q-esquemas, Q-esquemas
con términos no conservativos, con un tratamiento consistente de los términos
fuente.

Se implementaron los algoritmos computacionales correspondientes/@ los esquemas
numéricos evaluados para la simulacién de la hidrodinamica y lageyvelucion del
fondo en el caso unidimensional.

Se recopild y procesé datos experimentales de laboratorio reportados‘ensla bi-
bliografia para casos de prueba de referencia, como rotura de presa (Darg break
problem) sobre fondo movil y evolucion de canales.

Se ejecutaron las simulaciones numéricas unidimensionales sobre los casos de prue-
ba seleccionados, contrastando los resultados obtenidos contra las mediciones ex-
perimentales.



6 Cronograma de actividades

6. Se realizo un analisis comparativo del desempeno de los esquemas numéricos en
cuanto, a estabilidad, resolucion de discontinuidades y reproducciéon de la morfo-
dindmica del flujo.

1.8. Cronoegrama de actividades

Las actividades a'realizarse en este trabajo se planean conforme a la calendarizaciéon
propuesta en la tabla 1.1y Se propone desarrollar ciertas actividades durante el trans-
curso de cada semestre,daseuales pueden ser alteradas de acuerdo a las necesidades que
se vayan presentando, perose compromete la entrega de los siguientes productos al final
de cada semestre.

| Actividad \ Periodo semestral

Revision bibliografica de los ‘modelos tipo Saint- Segundo semestre.
Venant—Exner unidimensionales y andlisis teérico de
los métodos de volumenes finitos tipé Riemann sol-
ver.

Formulacién matemética de la discretizaciémpor vo- Tercer semestre.
limenes finitos 1D con tratamiento.de términos fuen-
te no conservativos y programacionsde los ésquemas
numericos.

Recopilacion de datos de pruebas expérimentalés de Cuarto semestre.
laboratorio reportados en la literatura (rotura de preé-
sa y evolucion de canales) y ejecucion de simulaciones
numéricas unidimensionales.

Validacion y andlisis comparativo del desempeno de Quinto semestre.
los esquemas numéricos (estabilidad, conservacion y
resolucion de discontinuidades). Someter un articulo
para ser publicado en revista de alto impacto.

Entrega del documento final para revision por parte Sexto semestre.
del comité sinodal y preparacion de la defensa.
Redaccion del trabajo recepcional (tesis doctoral). Durante el tiempeo, total del proyecto.

Tabla 1.1: Cronograma de Actividades.
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En este capitulo se presentan los| resultados publicados en el articulo Numerical
sitmulation of bed load and suspended Toad\sediment transport using well balanced nume-
rical schemes, el cual puede ser.€onsultado en el enlace https://doi.org/10.1007/
542967-021-00162-1.

En este trabajo se estudia un sistema de €cwaciones hiperbolicas que modela el flujo
del transporte de sedimento, tantospon cargarde fondo como por carga en suspension.
El transporte por carga de fondo se hace siguieido.la.formulacion de Grass.

En principio, se presenta el modelo matematico.que se obtendria sin suponer que la
concentracion de la mezcla de agua y sedimento es €onstante, pero para el tratamiento
numérico del modelo matemético se utilizasdicha supogicion, esto para tener en cuenta
los efectos de la densidad de la concentracion solo en el término fuente, es decir, para
tratar el modelo como un sistema de leyes de balance y paderycon ello primero resolver
el sistema conservativo asociado al modelo y con dicha solucién resolver la ecuacion
diferencial ordinaria que induce el término fuente.

Se desarrollan tres esquemas numéricos de volimenes finito$ para la solucion del
sistema. El primer esquema se basa en el método Q-esquema de Vanheer, en el cual, el
flujo numérico se define utilizando la eigen-estructura del sistema,-porque se conocen
las formas explicitas de los eigenvalores e ingenvectores. El segundo esquema se basa en
la idea de definir el flujo numérico tomando en cuenta la aparicion de términos no con-
servativos, esto ayuda a que en la eigen-estructura del sistema aparezca laginformacion
que da la concentracion de la carga del sedimento. El dltimo método calcula el flujo
numérico utilizando el flujo numérico tipo HLLC-S, es decir, un método que tema en
cuenta los saltos en la onda rapida y lenta del sistema, asi como en la discontinuidad
de contacto y més atun, considera el salto que se da debido al término fuente quefcon-
tiene los procesos de erosion y deposito, es decir, toma en cuenta las soluciones de 10s
problemas de Riemann en cada una de las ondas que pueden aparecer en el sistema.

En este trabajo, quien presenta la tesis, Juan Carlos Gonzélez Aguirre, he colaborado
en el desarrollo del estado del arte del trabajo, he trabajado en el analisis de los modelos
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matematico, el calculo de las velocidades caracteristicas y los valores propios de ambas
versionés.del modelo, asi como la implementacién de los cédigos que desarrollan los
esquemas de.volimenes finitos Q-esquema y QNC, asi como la definiciéon del esquema
descentrado para el calculo del flujo del transporte de sedimentos. En el articulo fungo
como primer autor y como autor por correspondencia.

2.1. Introdaction

The mathematical modelling of sediment transport has become an important sub-
ject as extreme hydrological events intensified and increased in numbers, as a result of
climate change, see [8]. According to [24|, the mathematical models proposed can be
classified as fully coupled models (FCM), partially coupled models (PCM) and deco-
upled models (DM). The main difference between them is the manner in which they
deal with the interaction between water flux, sediment transport and bed evolution. The
FCM take into account the hydrodynaimic and both the suspended load and the bedload
transport. In these models, the bed evolution is modelled using the Exner equation (see
[16, 17]) with source terms. The PCM eonsider the hydrodynamic and suspended load
sediment transport. In this kind/of-model;the bedload transport is not taken into ac-
count for modelling the bed evolutien;<I'he DM compute the sediment transport using
the shallow water equations coupled“with the_bé€d. conservation equation. In this kind
of model the suspended load sediment/ transport is.neglected.

Another difference between the models-is the way each of them considers the inter-
action between the flux, sediment transport-and the' marphological evolution inside the
structure of the mass conservation equation.and the mementum conservation equation.
The FCM can have up to two additional terms on the right<hand side of the mass con-
servation equation. These terms quantify the rate of watef entrainment (e.g. rainfall,
infiltration, etc.) and the bed deformation. On the right-hafid-side of momentum con-
servation equation two additional terms are added, which measure the effects of variable
sediment concentration and momentum transfer due to sedimentgéxchange between the
water and the movable bed ([8]). Examples of FCM can be found in |8y 24, 28, 3]. These
models consider hydrostatic pressure. Unlike them, in [7] a non-hydrostatic system is
used, in this kind of approach, special focus must be put due to appearance of numerical
instabilities which are given by the non-hydrostatic distribution.

The PCM do not consider these additional terms in the shallow water equations
because the sediment conservation and bed conservation are computed with the infor-
mation provided by the hydrodynamics of clear water. Therefore, the interaction that
may exist between the flux and sediment is ignored for the hydrodynamic equations.
Examples of this kind of model can be found in [9] and [30]. In order to compute”the
morphological evolution, the majority of PCM does not take into account the bedload
transport, although in works such as [37, 30, it is included.

The DM use the shallow water equations coupled with the bed conservation equation
for modelling the sediment transport flux. The bed conservation, in this kind of model,
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12 Introduction

presents a convective term that quantifies the bedload transport. Examples of these
models have,been used in [1, 10, 32, 25]. A summary of these different kinds of models
can be seer im Table 2.1.

The first equation to model the bed balance was proposed by Felix Exner in his river
morphology staidies, [16, 17]. In this equation, the sediment flux was approximated
through flux velogity.« Currently in the literature different formulations are used to
compute the bedload flux, for instance |31, 14, 21, 41].

The majority of thé formulations proposed considers the critical Shields parameter,
[36], to control the bed movement, nevertheless, the Grass law for bedload transport
[21] does not consider this parameter, bed movement starts when the flux velocity is
different to zero. The Grass law also allows to measure if the interaction between bed
and flux is strong or weak. InJ40], a formulation where some bedload transport models
are rewritten in analogous form*to.the law of Grass, is proposed.

In order to solve numericallysthe sediment transport problem, several numerical
strategies have been proposed. The_majority of them is based on the finite volume
numerical schemes, other strategies aré hased on cellular automata, although the use
of cellular automata for modelling the sediment flux is a field that have been few
explored, such as is pointed i J24]. As welprecently, the finite elements framework
has been employed to compute the_numeri¢al, solution of the sediment transport on
shallow water equations, for instance'[15, 2,({18)shave employed this technique. Up to
our knowledge the extension of approximate Riemann solvers is the most suitable option
for the numerical resolution of the sediment transport, some of them are exposed in
[39] and [26].

In order to solve the complete system for'sedimengtransport modelling, there are
two means found in the literature, regardless of whether the model is FCM, PCM
or DM. In the first one, the hyperbolic system of balance’laws is solved through an
approximate Riemann solver scheme. Then, the bed conservatien equation is solved by
using the information provided by this scheme. This method,/has been used in works
like [8, 24, 32, 25]. In [13] is discussed that this way to solve the sediment transport can
fail due to the characteristic velocity related to the bedload is not#aken into account to
solve the hydrodynamics of water sediment mixture. The second method computes the
solution in coupled form, as in [28, 3, 29, 30, 34|. In order to compute thesdepth of bed
together with the other variable the bed conservation equation is rewritten.introducing

a new conservative variable, which depends on the depth of bed and the‘suspended
load.

According to Cao [8], the water flux, the sediment transport and the morphelogical
evolution of the bed are strongly coupled. The rate of deformation can be significant in
comparison with the flux evolution and the use of a fully coupled model that takes/into
account all conservation laws is needed. In this paper, a FCM is considered, which takes
into account both the suspended load sediment transport and the bedload sediment
transport. The structure of this work is as follows: in section 2.2 the mathematical model
is presented and the employed formulations for erosion and deposition are described. In
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sectiont 2.3 a general compact formulation will be presented, as well as an alternative
way to wgite the model considering the presence of non conservative product ([10, 11])
and the stidy of the hyperbolicity of the model. The numerical schemes to be used
will be shown i1 section 2.4, as well as the steady stationary solution which we want to
preserve. Finally;in section 2.5 we validate the mathematical model and the numerical
schemes by carrying out several numerical experiments and making comparison between
the obtained numerical results and the experimental data.

2.2. Mathematicalmodel

In this work, one-dimensionalshallow water flow, over an erodible bottom composed
of uniform, non-cohesive sedimentis analysed. This phenomenon is depicted in Figure
2.2.

Free surface of water
Y/
| ' Q‘ ‘ ' \?(x’t) ...........
. W ) . : Sti(s)zznded
E(=,t) /Qf |
Rolling Bed
Sliding load
-
z(z, 1)

Figura 2.2: Sketch of bedload and suspended-load sediment transport.

The dynamics of the movable bottom as a result of hydrodynamic beh&viour can
be modelled by using the system of balance laws made up by the mass conservation
equation, the momentum conservation equation, the sediment conservation equation
and the bed conservation equation, namely,

oh ohu _ E(x,t) — D(z,1)

, (2.1)
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Mathematical model

6$f%xj)+6(ML;;ﬂm)(xi)z mﬂwi)(—gﬁ@;ﬂ—w%Cmﬂ)
o (/08 - pw)gh2(l‘, t) @(CL‘ )
2p(z,t) or
_ (oo = pla, 1)) (E(x,t) — D(, t))u(z,t)
ple, ) (1 = p)
o(he) d(huc)
n (2gt) + Em (x,t) = E(x,t) — D(z,1t),
0z 1 Jg D(x,t) — E(x,t)
g(l’,t)-l-rp%((lﬁ,t) = 1—p ,
where

h(x,t) is the depth of water (m)

u(z,t) is the averaged-flux_velocity (m/s),

(2.2)

(2.3)

(2.4)

c(x,t) is the averaged-flux*volumetric sédiment concentration (dimensionless),

z(z,t) is the depth of bed (m),

p(z,t) is the density of water-sedisient mixture (kg/m?),
S¢(x,t) is the friction slope computed by using equation (2.8),
g is the gravitational acceleration (m/s?),

p is the bed sediment porosity,

E(z,t) is the sediment entrainment (m/s) (see [§]),
D(x,t) is the sediment deposition (m/s) (see [8]),

pw is the water density (kg/m?),

ps is the sediment density (kg/m?),

po is the saturated bed density (kg/m?),

q(,t) is the bed-load discharge (m?/s) (see [21]).

0 is defined as

s_[1if 6=0.,
o0 if 0<0,

(265)

where 6 and 6. are the Shields parameter and Critical Shields value, respectively.

These values are defined in section 2.2.1.
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The right-hand side of the mass conservation law for the water sediment mixture
(2.1), is'sighificant for the processes where the sediment transport and the morphological
evolution ate.active (see [8]). The second term on the right-hand side of the momentum
conservation@guation (2.2), measures the effects of the variable sediment concentration
on the flux direétion. In [30] is pointed out that non-uniform sediment concentration
over irregular bottom in quiescent water may cause perturbation of water at rest state,
in order to deal with_this issue, the second term on the right hand side is taken into
account from the moment that the flux can move the bottom, that is to say, when the
Shields parameter is gfeéater than critical Shields parameter. The third term represents
the momentum transfer'ddeto the exchange between the water and the erodible bed, [8].
Equation (2.3) is the suspénded sediment conservation equation. The morphodynamics
are well-modelled by the Exwép equation (2.4), which states that the time variation
of the sediment layer, in a certain volume, is due to the net variation of the solid
transport through the boundari€s\of the volume, [16, 17]. The formulation of the bed
load discharge ¢,(x,t) can be basedsmempirical laws, some of the most often used were
proposed in [31], [21] and [41]. In order)to compute the bed load discharge, the law of
Grass |21] was chosen for this work

gslm, t) =A0° (1), (2.6)

where A, is a constant value that takes into aeCount the diameter of the particle and
the kinematic viscosity, usually it is obtained eXperimentally. The values for A, range
from zero to one, so that if A, is close to zero, then.the model shows a weak interaction
between the sediment bottom and the flwid=On thie other hand, if A/ is close to one,
then the interaction between the sediment bettom andthe fluid is strong, [10].

2.2.1. Morphological conditions
The density of the water-sediment mixture, p, and the denSity of the saturated bed,
p,, are computed as
p(z,t) = p,(1 —c(z,1)) + p,c(z,t) and p, =p,p+p,(1—p) (2.7)

The friction term is computed using the following formula
Sy (x, 1) = cpulz, t)|ulz, t)], (2.8)

where c; is computed as

2

77—4, being 7 the dimensionless Manning coefficient.
h(z,t)3

.Cf:

» ¢y is the friction coefficient.
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The sediment exchange between the bed and the water column is determined th-
rough thesédiment entrainment due to turbulence, F(z,t), and the sediment deposition
due to gravitational action, D(x,t), (see [8]). The sediment entrainment is given by

(O(x,t) — 0 )u(zx,t)

- if O(x,t) =0,
fuepy=1 ¥ h@nd? (1) 2.9)
0 else,
the sediment depositiomreads
D(z,t) = ac(z, t)w, (1 — ac(z,t))™, (2.10)

where:
=  is a constant dimensionless/value determined by

W 560(1 — p)p®

3(s9)%6, (2.11)

This expression was deducted-following [8].

e ¢ is a dimensionless valuevthat depends on the phenomenon to recreate,

e v is the kinematic viscosity of the fluid (m?/s),

_Ps
Iow

e 0. is the dimensionless critical Shields parameter which indicates the start
of sediment movement.

® s — 1 is the dimensionless submerged-specific gravity of the sediment,

= The dimensionless Shields parameter or mobility parameter is computed using

the formula
uz (2, t)

sgd

0(z,t) = , (2.12)

where

e d is the diameter of the particle (102 m),
e u,(x,t) is the friction velocity (m/s), that is given by the relation
7(z,1)

ug(x,t) = ,
p

- 7(x,t) is the threshold stress of bottom computed using the following
expression

__ gpnrul@, t)|u(z, t)]
h(x,t)1/3 ‘
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» Theldrop velocity w,(m/s) is computed using the formulation proposed in [43]

13.950\° 13.95
W, = “) 4 1.09sgd — V, (2.13)
d d
= m is an exponent computed by using the Reynolds number of the particle, see
[27].
d
m = 445R™"! where, R = iy (2.14)
v

» « is the nonequilibritim adaptation coefficient of suspended load, [42]|. Following
[8], this coefficient is defined as o = min {2, (1 — p)/c}. This relation holds that
near-bed supend-load cencentration ac must be smaller than the bed material
concentration 1 — p, [42].

In Table 2.1 the different kinds oftmodels which have been discussed in section 2.1
are shown, where the one dimensional shallow water equations are given by

ch chu

s st = 0 (215)
ohu ohu’+ %th 0z
D = —qgh— ) 2.1
o (x,t) + P (x, ) gh&x (x,t) (2.16)

Tabla 2.1: Models summary.
Model Equations Remarks
FCM  (2.1), (2.2), (2.3), (2.4)  Complete model‘used in this work
PCM (2.15), (2.16), (2.3), (2.4)  Bedload discharge is neglected
DM (2.15), (2.16), (2.4) RHS of (2.4) is greglected

2.3. Problem statement

In order to write the mathematical model (2.1)-(2.3) in a compact #anner the
following notation is employed

= Conservative variables,
e wy = h(x,t) is the depth of water (m),
o wy = h(x,t)u(z,t) is the unit discharge (m?/s),

e w3 = h(x,t)c(x,t) is the suspended sediment concentration (kg/m?),
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Problem statement

& W (z,t) := (wy,wq, w3)" is the vector of conservative variables.

» Physical flux,

= Source term,

S(z,t, W)

(2.17)

_po_pE_Dwz

p1=pw

(2.18)

The source term, S (z, ¢, W)¢is split into_four parts: bed slope, S; (x,t, W), fric-
tion slope, So (z,t, W), sedifment, entrdinment and sediment deposition process,
S3 (z,t, W), and volumetric sediment congéntration slope, Sy (z,t, W), so that:

4
S(z,t, Wy =) Sy, /A W),
k=1

where

S3(x> ta W) =

Po — p($,t) E(xvt) — D(Ivt)%

(2.19)

(2.20)

(2.29)

Y

w,
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and
0
Sy(x,t, W) = | g2l =pw) O () | (2.22)
I 2p(z,t) Or \w,
0

Using this notation(thé’equations (2.1)-(2.3) can be rewritten in vectorial form as
oW, OF(W)
w0

for x € [0, L] and t € [0, T], swhere L is the length of the considered domain channel.

(x,t) = S(z,t, W), (2.23)

» Initial conditions:
W(z,0) = Wo(z)\Jand z(z,0) = zo(x), x€][0,L].

In practice, the initial valugés forvaveraged depth of water ho(x), averaged flux
velocity ug(x), averaged fixvolumettic'sediment concentration cy(z) and depth
of bed zo(x), are known.

= Boundary conditions:

Conditions at the left end of thesChannel are detailed and the conditions of the
right end are similar.

e Inflow (wy(0,t) > 0): wy(0,t) = qft),

e Outflow (wy(0,t) < 0): wq(0,t) = qt),

e Wall wy(0,t) =0,

e Either inflow or outflow or wall: wy(0,t) = hy(t) and ws(0,t) = h(t)c(t),
where ¢ (t), h(t), hi(t)q(t) are the unit discharge, the depth\of water and the

suspended sediment concentration at time t, respectively, at the léft end of the
domain.

2.3.1. Hyperbolic character of the system

The balance law (2.23) can be written in quasi-linear form as

oW oW

—(z,t) + AW (z,t))—=—(z,t) = S(z,t, W), (2724)
ot ox

where A(W (x,t)) is the Jacobian matrix of the physical flux F(W (x,t)), which is given
by
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20

0 1 0
g 2w2 0
AW (x,t)) =] 9% w? w, : (2.25)
_wwyw o w,
w? w, w,

The eigenvalues of this_matrix written as function of physical variables take the form

M=dt'— \/gh, Ay =u, A3 =u++/gh,

and the corresponding eigenvectors are:

1 0 1
vy = A, Vip = 0], V3 = A3
c 1 c

2.3.2. Non conservative system

As the derivative of the conservative-variables appears inside the source term Sy (x,tW )
this source term can be seen as a monjconseryative product, [10]. Taken into account

this fact, the hyperbolic system of conservationflaws-can be rewritten as

oW oW oW
— T AW)—— + B(W)—— kzlsk z,t, W). (2.26)

The effects of the variable sediment concentration are”taken into account in the
third term on the left-hand side of (2.26), also called the non conservative product. The

matrix B(W) takes the form

0 0 0
B(W) = —gwlp 2ppw 0 gun Ps 2ppw . (2.27)
0 0 0

Quasi linear form and hyperbolic character
The system of balance laws (2.26) can be written in quasi linear form as

oW W
= T AW) Z Si(z,t, W), (2:28)
(2.29)

where
A(W) = A(W) + B(W)
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and it§ eigenvalues are given by

Xlzu—«/gh; ngu; X;»,zu—i—@,

and the associated eigenvectors read

1 1
N L A e T
Pw + P
C C
Pw — Ps

Hence the system of partial differential equations (2.26) is strictly hyperbolic.

2.4. Numerical solution

In order to carry out the numerical\solution of the stated problem we need to solve
numerically the hyperbolic systém of balancedaws (2.23) using a well balanced numerical
scheme. Moreover, the posed problem requires,to solve numerically the morphological
evolution modelled by equation (24)

2.4.1. Problem discretization

We shall consider a uniform finite volume’mesh 6ver the interval [0, L] = [zo, zn],
this mesh is shown in Figure 2.3. The i-th finiite volume“isddenoted by

Tj — Tj— Tiy1 — X4 .
C; = (1'@'757331‘%) = (xi—lTll?CEH‘%)a h=1,...,N—1,

where

L
= 1A d Azx=—
r; = 1Az, an T N

the boundary finite volumes are Cy = (azo, ZB%) and Cy = (a:Nf%, xN>.

Zo Ti—1 T Tit+1 Ty

o I N s B S B
| |

[
-~ (O —
CN

NI

Figura 2.3: Finite volume mesh: interior finite volume C;, boundary finite volumes Cj
and CN.
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Inérder to get an approximate solution W (z, ¢, 1) of the exact solution Wz, t) at
time ¢, [ 14#We integrate (2.23) over on arbitrary space-time rectangle C; X [t,,, t,11]:

tn+1
/ W(z,t)de = / W(x,t,)dx — / (F(W (2412, 1))
“ < e (2.30)
n+1
©F(W (a1 ))) di + / / S(z, ¢, Wz, £))dzdt.
tn C;
We shall denote by Wik the averaged approximate solution on the cell C; at time ¢,,:

1
T — n)dx, 2.31
Wi N /CiW(:U,t )dx (2.31)

then equation (2.30) takes the-fofm

1 tnt1
W;l"rl — W:L” — A_x (F(W(Z’i+1/27 t)) - F(W(l‘i,l/g, t))) dt
tn
- (2.32)
tn
where )
S(ai, t, W) 2L / SCust, Wz, 1))dz. (2.33)
A.T C;

2.4.2. Extension of the Q-scheme of van Leer

In this section we shall describe briefly the extension’of the Q-scheme of van Leer,
put forward in [5], in order to solve (2.23).

Numerical flux

As the solution W (z,t,) is defined by a piecewise function {W#Y the values of
the approximate solution are not well defined at the boundary of each finite volume
cell, so the integral of the physical flux cannot be computed at these pdints. For this
reason, an approximation of the integral of the physical flux, given by“a function ®,
also called numerical flux, is needed, so that

1 et n n n :
E/; F(W(Iz_;,_l/g,t))dt%FlJr% = @(Wi,wprl)a 1= 1,N—1,

and

1 tn+1

— =Pd(W!' , , W! 1 =1,...N —1
At " ( i—1» z)’ G ) )

1
2

F(W(mz’—l/mt))dt ~ F?,

being At =t,., — t,, the time step.
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Fotr the Q-scheme of van Leer the numerical flux ®, takes the form

®(U,V) =5 (F(U) + F(V)) - % Q(U, V)[(V-1), (2.34)

1
2
with

Q(U,V) = ;—‘];‘, (% (U +V)> .

The absolute valué of a diagonalizable matrix Q is defined as follows: let Q =
XAX 1 where A is the diagonal matrix of the eigenvalues of Q. Then |Q| = X|A|X ™!
where |A| is the diagonal matrix of the absolute value of the eigenvalues of Q and
matrix X is composed by the eigenvectors of Q.

In order to avoid the loss ef viscosity in the numerical scheme, the absolute value
of the eigenvalues is redefined by using the Harten regularization, [23].

Numerical source terms

In this section the way to compute thexapproximation of the source term is detailed.
Approximation of source terms: bed slope and sediment concentration slope
Firstly, the discretization of both thelbed slope source term and the sediment concen-

tration slope source term, S7; and Si; respeétively, are described. By extending the
ideas put forward in [5], these source terms are approximated as

n o o.__ n n n n
Sm = lIll,k‘(Ii—la Ty tp, Wi_p Wi )+ lII’r‘,k‘(xia Tif1, bn, Wi 7Wi+1)7

(2.35)
k=1 or k=12
where
1 ~
U (2, y,t, U, V) = 5[1 +1Q(U, V)|Q (U, V)] Si(z,@, LU, V),
k=1 or\k =4,
and
1 ~
v, (y,2,t, V,W) = §[I — |Q(V,W)|Q*1(V,W)] Sk(y, z,t, V, W)
k=1 or k=4,
with
0
Si(2,y,t, U V) = | _ Mo t) +hlyt) 0z (x Y t) (2.36)
2 ox 2

0
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and
Si(#y.t, U, V)
0
—| 5 (M¢¢)+hﬁhﬂ)2 Ps — Pu §£<x+y Q (2.37)
! 2 p(z,t) +ply, t)ox \ 2
0

Approximation of friction slope source term To compute the friction term, it
is possible to choose between an explicit time discretisation or a semi-implicit time
discretisation.

= Explicit time discretization®

0

2. n n
n o _ U wz,z‘ w2,i

24 —9'(wfi)(7/3)

(2.38)

0

= Semi-implicit time discretization:

0
2, n+l|, n
no_ n w2,1ﬁ wQ,i

2 —9_(wﬁi)(7/3)

(2.39)

0

Approximation of the sediment entrainment and sediment{deposition pro-
cesses source terms Variables in the source term Sz(x,t, W(Z,t)) are evaluated
pointwise in the node 7 at time t,,, therefore

EP — D7
1—p
Bi=1| _po—pE—Diwy; |, (2,40)
p l—p wi,
EM — D

where E' = E(x;,t,) and D! = D(z;,t,) whose expressions are given by (2.9) and
(2.10), respectively.
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Therefore the extension of the Q-scheme of van Leer to compute the approximate
solution” ofthe hyperbolic system of balance laws (2.23) takes the form

4
Wit — W — 2; (F” F;’Q%) + ALY S (2.41)
k=1

where the numerical*flux is defined by (2.34) and the discretization for the different
source terms are givén by: (2.35) for bed slope and sediment concentration slope, (2.38)
if the friction term is diSeretised in implicit way or (2.39) if the discretisation of the
friction term is done i semi-implicit way. Finally, (2.40) gives the discretization for
sediment entrainment andsdeposition process

2.4.3. HLLCS scheme

The second scheme to computé the numerical solution for the hyperbolic system of
balance laws (2.23) is the HLLCS approximate Riemann solver, [33]. This scheme is
based on the HLLC approximate Riemann solver [40], but the source terms S; (z,t, W)
and Sy (z,t, W) are taken into ageountiinside the numerical flux.

Numerical flux

Following the work [33], in order te<dnclude thebed slope source term and the friction
slope source term inside the numerical fliux, the Rankine-Hugoniot relation for a steady
shock, of shock speed S, at x = 0 and ¢ &= 0 is considered, namely,

F' (Wi t) = F (Wi t) = X S (2, T (@, 5,0)

=8 (W+(.Ti+1,t) - W*(xz,t)) = 0,

(2.42)

where S;, (k = 1,2), is the averaged approximated source term at=z = 0 and t = 0, so
that

2 B §1
D S(x T b, Wz, t) = | S | (2.43)
k=1 Ss

As the source terms S; (z,t, W) and S, (z,t, W) are taken into accourft imside the
numerical flux, the hyperbolic system of balance laws (2.23) can be solved by @sing the
numerical scheme

At B
W(zi, tny1) = Wz, tn) — ~ (FiL,LCS FiL%LCS+>
: (2.44)
+ AL Z Sk (xi’ tn W(Iia tn)),

k=3
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‘ + ‘ ‘ +
: FZ—% —:—» —t—— Fi-‘r%‘
| F_ 1<—t— ——— F_ 1\
| =3 i+3
Ci_1 Ci Ci1
Figutas2.4: Numerical flux in the cell C; for HLLCS scheme.
where FHLLCS + are the numerical flows with the source terms inside it. The contribu-

-2
tions made by the numeticalflux in the cells depend on the sign of the eigenvalues at

the boundaries, see Figure 2.4.
In order to define the numerical flux we need to have established values \;, \;;1, and

which represent a middle‘wéve related to the source terms S; and S,, see Figure

AL,
2.5. These values are given by expréessions (2.49)-(2.54).
i t A
\ 4 JRA Ait
W w—lWi;; Wi
At F; N |/ | R E’H
Wi i+1 ) Wi+l
2 ) R
A = »x
S+ S, ‘
Z; Tit1 Tit1

(a) Positive middle wave. (byNegative middle wave.

Figura 2.5: HLLCS numerical flux.

In order to compute the numerical flux, we shall extend fer the bottom variations
the work done in [33|, where the numerical flux is computed as:

= If 0 < \;, then
FHLLCXSL _ F(W(l‘i,t)),

z+f

2 (2.45)
PO = F(W(a; 1) Z (41,8, Wi 1,1)).
s IfO = >\i+1; then
2 —
A5 = F(W (i, 1) = ) Silriyy 1. Wiay 1),
k=1 (2.46)

FHLLOST — (W (2441, 1)).

2+*
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n If )\z < 0 < )\i+1; then
e if \[ >0, then

FALLCS= — B(W (2;,8)) + \(W (24, 1) — W (a3, 1)),

it
HLLCS+ HLLCS— 2 (2'47)
FAROST = FIALCS o ;sk(xi+;,t,vv(xi+;,t)),
where
W_(l'i, t) = W+(Ii+1, t) — ITI;:l,
2
~ g 1 1
H;Zrl =% i 0 ) WJr(xiJrlat) = wizﬂrl /\;r )
: A1z (x;,t) c(x;, t)
and _
. (wu) (ui — \i) — )\iHH_%J
wl,i-{-l = )\—i— . )\ .
o If A\, <0, then
FiL]_f/QCS_ = F(W(%H,t)) + )\i+1(W+($z‘+1>t) - W($z‘+1>t))a
2)_ 2.48
priess _fmss- STg Wi, O
k=1
where
W+(ZE1‘+1, t) = W_(ZEZ‘, t) + Ijl;_l,
~ 3 1 1
H , =—<% 0 , W(,t) = wig A ,
’ ALz (41, 1) &(Ti41,1)
and

W11 (Wig1 — A1) — >\i+1H;+; 1
— 27
wy, = )
1,2 —
Av = Aig1

The values \;, A\;41 are given by the following expressions:

A — min {Xl; Ui — 4/GW1,i5 Wil — \/gwl,z’Jrl} if |52| =0, (2 49)
A if |8y] # 0.

max {Xg; Ui + \/qW1; Uiy + \/M} if [8o] =0,
)\i+1 — N ’ ’ (250)



28 Numerical solution

The avérage values \; and )y are the Roe mean [35], with expressions (2.51) and (2.52).

Ui /Wit Ui 14/ Wi41 (2.51)

VWi + /Wi

N - Wi, + Wy N ~ [ wy; +wis

Finally the values fof X% take the form

and

)\iwl,iJrl (U1;+1 - )\i+1) - )\i+1w1,i (Uz - )\i) + >\i+1()\il_{;;; 1 81)
A= 2 , (2.53)

i Wy i1 (Uidr Aig1) — wi (up — Ag) + /\z‘fj];%’l

and

Aiwr i1 (Wigr — A1) — Aty (w; — A) + >\i+1(>\iH;r% LT 81)
Ai — 9

*

_ 2.54
w141 (Uist™ Nig1) — Wi wi — ;) + /\iH;%,l ( )

Where 8, are the components of the source térms-evaluated on the Roe mean at the
boundary z;, 1, which are given by (2.51)and (2.52)¢ and 8 is the pointwise evaluation
of these components in the cell C;.

Bed slope approximation

In order to fully describe the discretization of bed slope source term, we shall follow
[33], where the approximation for the bed slope is given by

0z g A
a—x(%%’tn) ~ AL (wu — 5 6z, (2.55)
where
wi, if dz>=0 and df =%
. . < 1 = ) G+1
J= { 2—17: ] i g; 2 8’ and 072 =4 wi,; if 0z2<0 and diwLsy,
’ 0z else,

being 0z = z(x;41,t,) — 2(x;, t,) and d; = wq (x4, t,) + 2(z;, ty).

Friction term approximation

The friction term is approximated by using the following relation, (see [33]).
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S min
‘—jm — min ( 21 Az, gy tmin ) : (2.56)
qun i+l quy 2g i+
where
|Umin| = min (|Uz| ) |Ui+1|)> (2-57)

and Sy is computédsusing equation (2.8) by choosing ¢ as the friction coefficient.

Approximation of sédiment concentration slope, sediment erosion and sedi-
ment deposition process

The source terms S3(x,t) and Sy(x,t) in the numerical scheme (2.44) are approxi-
mated as follows

Er — Dy
L—=p
4
TL.: s_w?_ ?_ - ETL_DTL
ngsk’z _5gwilp 2 p & & 1 . pU p 7 '3 u;n . (258)
B — D}

2.4.4. Numerical scheme for the non-conservative system

In order to deal with the presences of non conservative products, a suitable numerical
treatment of them is needed. Following [10] the numeftical solution of (2.26) at cell C;
at time ¢, is computed using a numerical scheme of the_form

At
Ax

FAp (W) (WE - W) + A DS
k=1

Wit = w2 (g (W) (W - W)

(2.59)

where .

45w < (4 (W) £ ()
Taking into account the definition of A given by equation (2.29) the numerical scheme
(2.59) becomes

Wit wi- g (9 -9
- QAA_Z (B (Wzn+%) (WZ‘LH - W?) +B (W?—l> (W? - W?—1)> (2.60)

2
3
+ ALY Sy
k=1
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where
n, 1 n n 1 n n n
Gifym 5 (F(W2y) + FWD) — 5 |A (W2 )| (Wi, — W), (2.61)

The discretization of the bed slope source term Si(x,t) is carried out following the
methodology explained in section 2.4.2, but in this case the upwind process is done
with regard to thegigenvalues of matrix A.

The source termt,_which contains the friction slope Sa(z,t), is discretized by using
either, (2.38) or (2.39)“while the source term that takes into account the sediment
entrainment and deposition)processes S;(z,t), is discretized by using (2.40).

2.4.5. Morphological_evolution

The Exner equation (2.4) is mot)actually hyperbolic, however it is possible to write
a wave speed estimation A, associated to the sediment flux (see [25]), such that the
Exner equation becomes

0z © 0z _ D(x,t) — E(x,t)
where 5
vy 10,
Ap = 0 & (2.63)

This wave speed is the basis to build aw"upwindwstrategy to solve the morphological
evolution.

In order to solve the Exner equation (2.4Y; we integrate that equation over a space-
time arbitrary rectangle C; X [t,,t,,1], as it was done insegtion 2.4.1.

ot _ogn gy B ooy L /t ~ (ley 07 gl ) dr (2:6)
PSR T T T A, T p \ P T BT - (2

Following the finite volume methodology, an approximation g, {;\for the integral of
g

the bedload discharge at the common boundary z; 1 between two finite volume cells,

is needed, namely
1 tnt1

ql?,ii% ~ At " Qb(xii ,t)dt. (2.65)

[NIES

Following [25], this approximation is defined as follows

C o almt) i Sy >0
b,i+% . qb(Ii-‘rl’tn) lf Ab,i-ﬁ-% < 07

v et i Xl >0,
. Qb(xzatn) if Xb'—%<0>

2

(2.66)
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where
N 1 i+1 tn - 2] tn
biti = i1, bn) = 2 ) (2.67)
T2 1 -Dp z(mi—&-htn) _Z(xiatn)
Finally, thewscheme to solve the Exner equation (2.4) reads
At 1
ntl % n n__pmn_ _— n _.n
20 = 2+ - (Dl E; e (qbyi+§ qb’i%)> . (2.68)

2.4.6. Numerical treatment of boundary conditions

The numerical methods described earlier are applied to internal cells, C;, 7 =
1,...,N — 1. To compute thesralues of the conservative variables at the boundaries,
fictitious neighbouring nodes %Zg" (see |4]) or ghost cells Cp, (see[26]), are introduced,
see Figure 2.6.

w7
N
n
W Wi
O —_
Tp| w0 x TN| I
| | | | |
g Loz, 1 21 T Tr 1 '
Cp Cp "0-3 g, e N-3; Cy (B

Figura 2.6: Fictitious neighbouring nodes, Zg, and ghost cells, Cg.

The values of the conservative variables in these cells”ate defined according to the
boundary conditions: inflow or outflow, the values of the conservative variables at ghost
cells are equal to the values at the boundary cells. Wall, the yalue of the velocity at the
ghost cells is the opposite of velocity at the boundary cells, the remains values at ghost
cell are equal to the values at the boundary cell.

The approximate solution at the boundaries is computed by dising the values of
the conservative variables on ghost cells and either of the numerical schemes described
earlier.

2.4.7. Steady stationary solution

A numerical scheme is called well balanced if it can preserve a family of statipnary
solution. In order to get the a dynamic equilibrium state for the system of balanee laws
(2.23) and (2.4), let us suppose that u(z,t) = 0, in this case 6 < 0., then the system of
balance laws reduces to

ch -1

E(m,t) = 1TpD(x,t), (2.69)
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oh 0z
ohc
0z 1

From equations (2.69) and (2.72) we can see that both, the depth of water and the
depth of the bottom ‘mray) vary, but the free surface of water ¢(z,t) = h(x,t) + z(x,t)
stays constant with respeetvof time, namely

Z—i(m,t) _ %(m) i %(I,t) 0. (2.73)
Therefore, from (2.70) and (2.73)rs ¢oncluded that the free surface of water is a constant
with respect of time and space.
From equation (2.71) and by using (2.69), we get

oc D(x,t) (c(xz,t)
a(az,t)z h(oet) (1—]9 —1). (2.74)

This equation shows that the variation of the volumentric sediment concentration over
time is equal to zero if either D(z, t)==-0 then ¢, t) = 0 or ¢(x,t) = 1 — p. Moreover
if ¢(x,t) <1 — p then c(x,t) is a decréaging function) over time.

Definition 1 The dynamic equilibrium state) of balanice laws system (2.23) and (2.4)
15 given by the following conditions

» The water free surface is a constant function, see equations (2.70) and (2.73).
» Null velocity in the whole domain, u = 0.

= The variation of suspended sediment concentration over timvé_is equal to the op-
posite of deposition, see equation (2.71).

Proposition 1 Let us suppose that W (x;,t,) and z(x;,t,) fulfill the®dynamic equili-
brium state conditions, then the numerical scheme defined by equations (241)s (2.34),
(2.35), either (2.88) or (2.89), (2.40) and (2.68), computes the dynamicTequilibrium
state conditions exactly, that is

= The free surface is constant.
= The velocity 1s null over whole domain.

» The suspended sediment concentration variation with respect to time s equal to
opposite of deposition.
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Demostracion.

The values for the different variables at interface x;1/; will be computed as the
arithmeticdnean. Under water at rest hypothesis, the different elements of the numerical
scheme take the following forms:

= Convective discretization,

1
n n
Az (Fz-&-% 5 Fz—%)
n n n
Wy 7 Wi i—1 gu" Wy i1 — Wi o
. - 1
20x Li—3 2Ax Litg
v (2.75)
n 2 n 2
= A ((w1,z’+1) (wl,z—l) )
n n
o Wy; — Wy 0w o Wiit1 — Wi, g
j— L N S T § o1
t3 2Aw bi-5  th3 2Ax Lits
= Discretization of bed slope_source,term,
n n n n
Vet T Y LA A
. -1
2 Az Ltz 2 Ax Li—3
n n n
R 55 VOR N s e M
n _ i1 N S B
1i = 2 bits TA% Qi Az : (2.76)
n n n
Zeon fgur iyl T % lc s (TDwr Zi T Rim1
3 Litsz Az 2 72 Li—3 Az

» Discretization of friction slope source term, Sy, = 0.

» Discretization of sediment entrainment and sediment deposition process source
term,
—Dr
l-p
Sy, = 0 : (2.77)

—D

= Discretization of sediment concentration slope source term,
n
5(4,2‘),1

Z,z‘:‘S S(Z,i),Q ) (2-78)

n

5(4,1'),3
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where "
Sn ) _ 1 CZ+1 CZ gwn n ps - pw
(49,1 2 Ax Lit+s Lits 2pn
it
Vel T
1 Cz - Cifl n n [OS pw

n
n _ 9Ci1— G (wn >2 Ps = Pw
Ny = — = 1
(4,i),2 2 Ar Lit+s 2p7‘1 )
+5
T
9g¢ —Ci (wn )zl)s—Pw
— -
2 Ax Li=s)  2p7 7
=3
T
n _1cz+1_cz noam gun Ps — Pw
1 i1 1
403 = 9 CAR 14+35 L+ Lity 2pn
7,+§
Yo% 02
_lcz_ci—lcn w” w" Ps — Pw
27 Aa’ it Uit I e
T2 pl‘_l

= Exner equation discretization,

Dn
2 = A
I—p

Let "' be the approximation of the freé sirface 6ffater computed by the numerical
scheme (2.41), therefore

gln-&-l _ w?jl + Zln—&-l
. g wlﬂ — Wi n _ Wiit1 wl’l n
WL 2 Az 91 Az y Uil
g Zivl — A w I w”
2 Ax g Lit+s Az 9L 3
9 Az Li+14/9 Lits 9 n
pi 1
¢ — C?Lll n n Ps Pw zn n ?
_ wh . w — At + 2P+ At .
Ar Li—% Li—1 210;1 . _ i —p
2

From (2.79) and taking into account that for this case 6 = 0, we get

n n

At St — gL Sih1— S
n+l _ n __ —" n 7 i—1 . n i+1 7
STE T [ 9y (—Ag: ) VI (—A:v ‘)] (2:80)
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Bearing in mind that at time ¢ = ¢,, the free surface is a constant function with respect
of x, thenswe can conclude that gg”l = ¢/, that is to say, the free surface is a constant
function.

The computed unit discharge by the numerical scheme (2.41) at time ¢, 1, reads

n

gAt gAt 2n . — 2
wg;rl = Wi g ((wiHl)Z - (wiifl)z) — 5\ Wit o

YAV 2 Ax
Z’Ln ;g ’Zznfl gAt C?Jrl - C? 2 Ps — Pw
T WLl TRy ) 0 5 ( Ar PLit} 207 (2.81)
2

n 7
4 G _Ci—1w2 Ps 3 Puw
A Li-dog )
T 20" |
332

Taking into account that w, 1 Is' the arithmetic mean between the states, as well,
considering that 6 = 0, 2" = ¢' — @ and ¢}/, = ¢, the equation (2.81) reads

wz,z‘H = Wy, — AT ((wl,i+1)2 — (wl,ifl)Z)

2.82
g (i oy ot S gt o wh (2.82)
2 2 Aaf 2 Ax '

Straightforward computations allowfus-eonclude that ngl = wy;, which means that

the numerical scheme compute null velocity-en whole spatial domain.

The suspended sediment concentrationincomputed By\the numerical scheme (2.41)
takes the form

n n n n
Wit n At o Wy, — Wi,y o . Wiy~ Wi, o
i T Wi o\ Timg Az IWimg ™ Gy Az 904
n n n n
n At o P A S M) P A
2 \ Gy Il T AL i34/ 9 i1 Ay

=t — c— ct
i+1 3 Ps Pw ) i—1
+ AL | ————cl w1, Jgul e —
Ax 2 V2 e 207 ) Ax
2

n n n Ps = Pw n
wWT> s
L)
(2.83)

Considering that under water at rest supposition § = 0, 2;* = ¢/'—w?,; and ¢, ; =.q,
equation (2.83) becomes in

L= _pr, (2.84)
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From equations (2.80), (2.82) and (2.84) we can conclude the proof of proposition
1. m ASsimilar proof can be done for the numerical scheme (2.60) which implements
the non comservative form given by equation (2.28).

2.4.8. Wet-dry fronts

In shallow waterflow simulations (e.g. floods, dam break, unsteady river flow) wet-
dry fronts appear, where a wet region of the spatial domain becomes dry or vice versa.
In these situations a beoundary movement, defined by the wet-dry front, is produced. In
order to obtain accurate€onsistent results a suitable treatment is needed, [6].

On wet-dry fronts onewor two conditions are imposed (see [12]). The first is the bed
slope redefinition, which is made to obtain the exact balance between the wet-dry front
and the pressure terms for the hydrostatic flux. If the bed slope is not redefined then
spurious waves can appear. Thegecond condition is of reflection.

In order to impose these conditions, a wet-dry parameter £,y is defined. Let us
suppose that C; and C} are the wet €ell and dry cell, respectively.

The balance condition (see [6]), is yerified if

(A2),, = — ((Awl)m + ) (”S _ ’)w) (Ad), j> . (2.85)

2p

On wet-dry fronts this condition_is not verified, see Figure 2.7, and therefore the
bed slope redefinition is needed, in ordersto do thatythe rise of the bed is redefined as
follows.

» Q-scheme of van Leer (2.41), Numeriecal’schemé fér non-conservative form (2.60).

Wi + Wi Ps — Pw

Wy, — W15 5 2p (Cj — Ci) if W15 < Ewd and
Az = I
Wigrs W15 < 25 — 24,
2j — % else.

(2.86)
Generally, the velocity at neighboring cells of the wet-dry front is different from
zero. In this situation the reflection condition imposes a unit averaged-flux dis-
charge equal to zero at the wet-dry boundary.

= HLLCS Riemann solver. Since the accurate behaviour is obtained a similar way
as the bed slope was approximated, (2.55), a redefinition of rise of the bed’is not
needed.

Regarding the morphological changes, since the water depth appears in the denomii-
nator of the sediment entrainment formula, low water depth values might cause great
erosion without physical sense, which can cause numerical instabilities, (|29]). The way
to deal with this problem is the following:
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Figura 2.7: Treatment of wet-dry fronts when both the scheme which implements the
Q-scheme of van Leer and the'non-conservative system are used.

= (Q-scheme of van Leer and sehieme of non-conservative form. A threshold value
€,p 1s defined, so that, if the water depth in the cell C} is less than ¢ then the
sediment entrainment is fixed at.zero, [29].

ED

» HLLCS Riemann solver.“An interval«(*Ho, 1) is established, to ensure that the
volumetric sediment concentration always is analyzed in wet regions. If the water
depth ranges from H, to Hj, then thé values for sediment entrainment FE(z,t)
and sediment deposition D(z,t)jare fixed dt zero. However if the water depth is
less than Hg, then the unit discharge is algo fixed at zero, see Figure 2.8. This
interval improves the numerical stability, bu#“itycan induce a reduction of the
zones where the wet-dry front and the bed evoldtien are approximated. In [19] is
proposed that only values of the charaeteristic speéds of wet cells are taken into
account. This criteria is written as follows.

qwi; . '
A = Uj — A /T if wy; < Ha, (2.87)

i else.
qui; . '
Mg =14 " 2\/ g e <7, (2.88)
Ait1 else.

2.5. Numerical Results

In order to measure the accuracy of the numerical schemes described earlier, seyeral
numerical tests were carried out. In the first test, the steady stationary solution ceh-
ditions are recreated. In the second test, a dam break, when the whole spatial domain
is wet, is reproduced. Finally, three experimental dam breaks were reproduced and the
numerical results were compared with the experimental data.
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Figura 2.8: Interval to treat the bed evolution close of wetting drying fronts when the
HLLCS approximate Riemann solverss used.

2.5.1. Parameters for /both the/mathematical model and the
numerical model, initial conditions and boundary condi-
tions

The values for the physical parameteérs) are shéwn in Table 2.2, while the values
for the numerical parameters, for each ntimeérical scheme, are displayed in Tables 2.3
and 2.4. In these tables we can see different*values, for(the same parameters, for the Q-
schemes and HLLCS scheme. These differences come fromsthe fact that these parameters
have been fitted, by repeating several times the numerical tests, in order to reach the
best results for every experiment. The differences between the numbers of nodes used
by each schemes, are due to the HLLCS scheme needs more nodes to reach the machine
precision for the computation of the velocity when the steady(solution is computed.
The wet-dry parameter has been calibrated numerically for each gest, a study about
the influences of that parameter on the results of shallow water flow simulation has
been reported in [22]|. The values for the dimensionless parameters are_shown in Table
2.5. The numerical tests mentioned in these tables are as follows:

» Test 1. Computation of steady stationary solution. In this test thewdomain is
Q2 = [-5,10]. The initial conditions are given by:

sinfz +6)+1 if F—-6<z<Z -6,

2(x,ty) = { 0 2 2

else.

() = 0 if 2-6<2<T—6
P07 15 — 2(w, t) else.
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0 if F-6<s<T -0,

u(z,tg) =0, and c(z,ty) = { 0.3 else.

A wall*boundary condition is considered on the left and right end of the domain.

» Test 2. Sumulation of a dam break, described in [8]. The domain in this test is
Q2 = [20000,830000]. The initial conditions are given by:

40 if 20000 < z < 25000,
Z(fE,to) = 0, wl(IL‘,to) = { 9 else.
u(x,to) =0, and c(z,tg) =0.

Open boundary conditions are imposed at both ends of the domain.

= Test 3. Simulation of an#€xperimental dam break carried out at the Université
Catholique of Louvain, and-ghown in [42]. The domain is © = [0, 2.5]. The initial
conditions read

0.1 if 0<z<1.25,
z(x,tg) = 07wy, ty) = { 0 olse.

u(2ter=0, ‘amd c(z,tp) = 0.

Open boundary conditions are<mposed at.both ends of the domain.

= Test 4 and 5. Numerical simulatiefiyof conditions for a small-scale laboratory
dam break, as in [38]. In both casesgthe domain is Q = [—3.0,3.0]. The initial
conditions of the fourth test are given=by the following relations:

0.35 if #3<z<0,
2(x,tg) =0, wi(x,ty) = { 0 olse.
u(z,tg) =0, and c(z,ty) = 0.
The initial conditions of the fifth test read
(. t) = 0.1 if -3<x<0, wy (2, 1) = 0.25 if =3z <0,
07 0 else. 527 0.1 else.
u(z,to) =0, and c(z,tp) =0.
In both tests open boundary conditions, at both ends of the domain, are asiposed.
Remark 1 The numerical scheme, where the source terms Si and S, are discretised

i upwind form, is denoted by QUS, while the numerical scheme which implements.the
non-conservative system is denoted by QNC.
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Tabla 2.2: Physical parameters for numerical tests.

Test Ps Pw S d v
(kg/m?) | (kg/m?) (mm) | (m*/s)
Test 1 2650 1000 1.650 4 1.2x106

Test 2 | 2650 1000 | 1.650 4 1.2x1076
Test3 | 1540 1000 | 1540 | 3.5 |1.2x107°
Test4d | 2580 1000 | 1.580 | 3.9 |1.2x107°
Testd | 2580 1000 | 1.580 | 3.9 |1.2x107°

Tabla 2.3: Nuffierical parameters for QUS and QNC, #, = Vhi/g.
Parameters | CFL [“ggpr EWD egp | Ty (s) | Nodes A,
Test 1 0.5 | 0.0001 | 0.0001 | 0.0012 60 300 0.01
Test 2 0.7 10 0.001 | 0.001 120 1000 0
Test 3 0.3 3 0.005 | 0.001 | 10 ¢t 300 0.008
Test 4 0.35 5 0.003 0.01 1.25 600 | 0.0025
Test b 0.35 5 0:008 0.01 1.25 600 | 0.0065

2.5.2. Test 1

In Figures 2.9-2.12, we can see the/numierical results given by three numerical sche-
mes. Figure 2.9 shows the comparison pétween the_initial free surface and the final
computed free surface. From this figure wé gan see no yariations of the final free surface
with respect of the initial free surface. Thisfact is confirmed in Figure 2.10, where the
error of the computed free surface is shown. Notice that the'errors of the three numerical
schemes are in the order of machine epsilon. As well, in Figure 2.9 it is observed that
the depth of the bottom increases as an effect of the sedimént.deposition, as it was ex-
pected. Figure 2.11 shows that the three numerical schemes campute null velocity over
the whole domain, because the computed velocities are in the order jof machine epsilon.
From equation (2.74) we have that the volumetric sediment concénttation decreases as
a function of time, if ¢(z,t) < 1—p. This fact is well recreated by ournumerical scheme,
as it is depicted in Figure 2.12, where the absolute value of the differeneé between the

Tabla 2.4: Numerical parameters for HLLCS approximate Riemann solver, ty =<4 /# /9.
Parameters | CFL | (Ho,Hi) | Ty(s) | Nodes | A, |
Test 1 0.4 | (0.01,0.012) 60 5000 0.01
Test 2 0.4 (0,0.001) 120 1000 0
Test 3 0.4 | (0.05,0.07) | 10ty 150 | 0.0011
Test 4 0.4 (0,0.001) 1.25 600 | 0.0011
Test 5 0.4 (0,0.001) 1.25 400 0.005
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Tabla 2.5: Dimensionless values used in numerical tests.

Parameters n 0. 0] P
QS | HLLCS | QS | HLLCS | QS | HLLCS | QS | HLLCS
Test 1 0.02 0.02 |0.045| 0.045 | 10 10 0.4 0.4
Test 2 0.03 0.02 |0.045| 0.045 | 10 10 0.4 0.4
Test 3 0.03 0.02 |0.045| 0.045 4 0.4 0.4 0.4
Test 4 0:0465 | 0.009 | 0.047 | 0.047 2 0.5 047 | 047
Test 5 0.0165. 0.009 | 0.047 | 0.047 1 0.2 047 | 047

left hand side and the right hand side of (2.74) can be seen. Notice that the numerical
schemes are computing a diffefence in the order of 1 x 107!, Therefore we can con-
clude that the numerical scheines»presented in this work compute correctly the steady
solution, i.e. that our numericalSechemes are well balanced.
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Figura 2.9: Free surface of water and depth of bedyat t = 60s.

2.5.3. Test 2

The dam break conditions shown in [8] were simulated in this numerical test and our
numerical results are compared with those provided in that reference. Both _the water
free surface and the depth of bed at t = 20s are shown in Figure 2.13. Notesthat the
water free surface computed by the three numerical schemes is an accurate approxima-
tion of the results shown in [8]. Regarding the numerical results of the depth ofibed, it
can be seen that the HLLCS scheme estimates more sediment entrainment where the
dam break was centered, while the schemes QUS and QNC accurately approximate the
numerical results shown in [8].

Figures 2.14 and 2.15 show the results obtained for the velocity at ¢ = 20s and
t = 120s, respectively. The results provided by the three numerical schemes at t = 20s
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Figura 2.10: Error in the computation of the free surface of water at ¢ = 60s.
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Figura 2.11: Velocity at t = 60s.

are very similar to the results of Cao. However, for ¢ = 120s in the region, where the
water front is computed, the velocity is less than the one of [8] and the pesition of the
front is computed ahead of the front showed by Cao, but these differences\are_due to
the way the source terms are numerically treated, another possible error source of these
difference may be the way the data were obtained.

Both the expansion wave and shock wave shown by Cao are recreated exactly by
the three numerical schemes. Likewise, the velocity and morphological changes are
estimated properly. Thus, the three numerical schemes reproduce good enough the

numerical results of [§].
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Figura 2.12: Error for the computation of the temporal evolution of the volumetric
sediment concentration at ¢t = 607.
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Figura 2.13: Water free surface and bed the depth computed at ¢t = 120s.

2.5.4. Test 3

In order to measure the accuracy of our numerical schemes, the experimental dam
break flows carried out in Louvain-la-Neuve (Université Catholique de Louyain [20]) we-
re numerically simulated and the results obtained were compared with theexpetimental
data.

Figures 2.16 — 2.18 show the numerical results of the three numerical schemés‘against
the experimental data. The downstream free surface of water computed by schemes
QUS and QNC is greater than the water free surface given for the experimental data
in this region. In these figures, we can see that QUS and QNC numerical schemes
compute the position of the front with high degree of precision for every computed time.
Moreover, the results provided by HLLCS scheme are an accurate approximation for
the downstream water free surface and the position of the front is computed with high
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degree of precision as well. It should be noted that the obtained#lip=stream numerical
water free surface is less than the experimental data of the water\fieée surface in this
region, but the differences are minor. The hydraulic jump observed in thesexperimental
data is better approximated by the HLLCS scheme. This allows us to conclude that the
three numerical schemes compute in a satisfactory way the free surface.

Regarding the bed evolution, Figures 2.16 and 2.17, show that the up-streammorpho-
logical evolution computed by the HLLCS scheme, at times 5 to and 7.5 tAg, arelless than
the morphological changes observed in the experimental data. On the other hand,the
upstream morphological evolution computed by both schemes QUS and QNC is i ag-
cordance with the experimental data. Furthermore at time 10 ¢, both schemes QUS
and QNC compute more upstream sediment entrainment than that observed in tlie
experimental data, while the upstream sediment entrainment computed by the HLLCS
scheme fits better the experimental data. The downstream sediment entrainment com-



Articulo cientifico publicado en revista especializada 45

puted*by the three numerical schemes is greater than the experimental data for every
computedstime, although the computed approximation is good enough.
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Figura 2.16: Water free surface and the bed depth computed at 5.
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2.5.5.

Tests 4 and 5

In these numerical tests the conditions of small scale dam breaks, performed in
the Université Catholique of Louvain, were recreated. Both the values for physical
parameter and the experimental data were obtained from [38].

The results computed in the fourth numerical test are shown in Figure 2.19.

It can be seen that the downstream sediment entrainment computed by the HLLCS
scheme is greater than the downstream sediment entrainment provided by the experi-
mental data. However, the differences between them are small. The upstream sediment
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Figura 2.18: Water free surface and the bed depth computed at 10 to.

entrainment computed by the HLLESwcheme is in accordance with the experimental
data. While the bed evolution computed=by both schemes QUS and QNC reproduces
accurately the bed changes.

From Figure 2.19 it can be seén that the region where the hydraulic jump took
place is well computed by the threé¢ numerical schemes, but the experimental water free
surface, in that area, is not given correctly by ‘thé numerical results.

The downstream water free surface ig’correctlylreproduced by the numerical schemes
because the numerical results and experimental data have the same qualitative form.
Notice that the downstream free surface ‘of swater éomputed by both schemes QUS
and QNC is greater than the experimental water free surface although the adjustment
made is adequate. Moreover, the water free surface computed by the HLLCS scheme
fits accurately the experimental downstream water free surface,

Regarding the water front advance, it can be seen that the'tesults obtained by the
HLLCS scheme are ahead of the position provided by the experimental data while the
results provided by the QUS and QNC methods computed accurately that position.

The numerical results of the fifth numerical test are shown in Figure,2.20. We can
see that the hydraulic jump is only partially reproduced by the three numerical schemes
because there is a difference between the position provided by the experimental data
and the calculated one by the numerical schemes. The computed water free;stuface after
the hydraulic jump is in agreement with the experimental data. Notice that _the water
front advance computed by the three numerical schemes presents a gap in comparison
with the water front advance observed in the experimental data. Regarding the morpho-
logical changes, the tendency observed in the experimental data is correctly represented
by the three numerical schemes. The HLLCS scheme produces more upstream sediment
entrainment than the one observed in the experimental data, but the differences are
minor. The adjustment of the upstream bed evolution made by the schemes QUS and
QNC is satisfactory. The downstream bed evolution computed by the three numerical
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schemes 1§ in good agreement with the experimental bed evolution. In these numeri-
cal tests small oscillations, produced by the HLLCS scheme, are noticeable where the
hydraulic jamp took place, while the results of QUS and QNC give a smooth tendency.
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Figura 2.19: Free surface of water and bed depth computed at ¢t = 1.25s.
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Figura 2.20: Free surface of water and bed depth computed at ¢.= 1225s.

2.6. Conclusions

Three numerical schemes to simulate dam break flows with suspended load¢/and
bedload sediment transport have been presented. Two of them implement the Q-scheme
of van Leer to compute the numerical flux and the other one implements a HLLC
Riemann solver. In the named QUS scheme, both the bed slope source term and the
source term with the sediment concentration variations are discretised in an upwind
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way. Il the named QNC scheme, the bed slope source term is discretised in an upwind
way but the source term related to the variation of sediment concentration is dealt as a
non consergative product. While, in the HLLCS Riemann solver, the bed slope source
term is taken\into account inside of the numerical flux, the sediment concentration
variation is computed in a explicit way. We have proved that the numerical schemes
are well-balanced, by the numerical results of the steady stationary solution test. The
contrast made between the numerical results and the experimental data shows that
the numerical schemes“accurately compute the water front advance. It can be seen
that the computed fre€ surface of water successfully recreated the free surface of water
of the experimental data’ Regarding the bed evolution, we have seen that the three
numerical schemes compute a successful approximation for the observed bed evolution
in the experimental data. Astthesused Grass parameters are close to zero, the interaction
between the flux and the bottomr'is weak for every physical experiments simulated in
this work.

From the several simulations denesfor each experiment, we observed that both the
constant value ¢, which appears in the formulation for sediment entrainment, and the
wet-dry parameter ey p, influence the.computations of the water front. Regarding the
sediment entrainment, the threshold value egp plays an important role for (Q-schemes
and the interval (Ho, H,) for HELES schémey because it helps to avoid the unphysical
values for sediment entrainment Syhich coulds€ause numerical instabilities. Therefore,
carry out an uncertainty quantification gtudy ofthese parameters is an interesting future
work, as it shall allow us to determine/optitnum‘values for each parameter and measure
how much the variability of these parametérs influences the quality of the results. Other
future work is the bidimensional extension of\the model and of the numerical schemes.
The bidimensional extension of the mathematical model is effortless to do and the
numerical scheme can be built solving projected Riemann“problems on the edge of the
bidimensional finite volume mesh, i.e. the bidimensional¢problem is computed using
the one dimensional flux applied to the projected problem."W¢ consider as field of the
applications for this work the study of settlement in river, the study of the settlement
in sewage treatment plants, to study the morphological changes onsiver bottoms and
how this phenomenon affects the flux, as well, the measurement ofsthe impact of river
overflowing.
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Capitulo.3

Conclusiones.y Recomendaciones

En este capitulo se hace una~discusion mas extensa de las conclusiones hechas en
el articulo de investigacion, asi come~también, se mencionan posibles futuras lineas de
investigacion en las que se pueden degartollar para ayudar a la comprension y resoluciéon
del problema del transporte de sedimentos.

3.1. Conclusiones

En el presente trabajo se desarrollaron tres esquemas numéricos, dos de ellos se basan
en la construccion de flujo numérico médiante el Q-esquema de Van-leer, en el cual, la
matriz de viscosidad numérica se toma ‘enseuenta“mediante la matriz valor absoluto
de la jacobiana del flujo fisico, dicha matriz.€s evaluada“en la media aritmética de los
estados a la derecha e izquierda de la frontefa comun de€ dos celdas de volumen finito.
El tercer esquema, se basa en las ideas del flujo numérico HGLC, al cual se agrega una
cuarta onda en la deduccion del flujo numérico, la cual se €orresponde con el término
fuente que tiene en cuenta a los procesos de erosion y deposite.

La diferencia entre los esquemas numeéricos basados en el Q-esquema de Van-leer es
la forma en como se trata la discretizacion del término fuente, el _uma primera, tanto
el término fuente de la pendiente del fondo, como el término fuente con la erosion y
el deposito son discretizados de forma descentrada, mientras que en la segunda forma,
solo el término fuente de la pendiente del fondo se discretiza de forma descentrada y el
término fuente de la erosion y deposito se considera como una parte no conservativa, lo
cual origina que se considere como una parte del flujo fisico que se utiliza enlel.eésquema
numérico. Por su parte, el esquema tipo HLLC-S toma en cuenta los saltos del término
fuente asociado a la erosion y el deposito.

Se demostré analiticamente que los esquemas tipo Q-esquema verifican la propiédad
de conservacion, es decir, pueden calcular de forma exacta o en el orden de precisiébn
de la maquina, la soluciéon del agua en calma para el modelo que se esta resolvien-
do, Adicionalmente, se aport6 evidencia numeérica robusta (a precision de méquina)
que sugiere que el esquema HLLCS exhibe este mismo comportamiento conservativo.
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Numéricamente se ha mostrado que los Q-esquemas dan la soluciéon aproximada exac-
ta, mientzas,que el esquema tipo HLLC-S, presenta algunos de problema en la zonas
cercanas donde se dan las apariciones de frentes de seco-mojado.

Los esquémas numéricos dan buenos resultados en lo casos en que se contrastan con
los datos obtenidos de laboratorios. El frente de avance del agua se calcula de buena for-
ma, asi como tambhién la evolucion del fondo sedimentado. Las soluciones numéricas no
presentan principie8 de inestabilidades, se calculan soluciones suaves. Cabe mencionar
que, la superficie libresdel agua aproximada por los esquemas numeéricos, sobre estima
aguas abajo la superficie/libre del agua proporcionada por los datos experimentales,
este fendmeno se puede gbsérvar en cada uno de los experimentos realizados.

Se pueden observar, de'los resultados numeéricos, que el tener en cuenta el transporte
de sedimentos da origen a inérémentos en la velocidad, asi como a zonas donde se tienen
resaltos hidraulicos, por lo cualy”para tener un panorama mas realista de lo que una
inundaciéon puede ocasionar es imipertante tener en cuenta los fenémenos del transporte
de sedimentos. Mas atin, para hacer mas realista el modelo, se podria considerar a la
presion hidrodinamica.

De los diversos experimentos llevados®a cabo, un factor que es importante al mo-
mento de calcular el frente de avance del agua, es el parametro de tolerancia empleado
en los frentes de seco mojado. Valotes muy pequenos de este parametro, pueden ocasio-
nar que hayan inestabilidades numéricas en’el esquema, mientras que valores un poco
mayores del mismo, pueden originar la‘aparicién_dé ondas de choques, las cuales, teori-
camente no se dan en los frentes de seco-mojado, 5 ¢on ello retrasar el frente de avance
del agua. Otro pardmetro numérico que fiene impotrtancia en la calidad de la solucién
numérica es el pardmetro de regularizacion, wtilizadeen la regularizaciéon parabolica
de Harte, el cual se usa para evitar que sé pierda la_informacion asociada a alguno
de los valores propios, cuando se pasa por un punto sonicoy Valores pequenos de este
parametro pueden ocasionar inestabilidades numéricas pot la‘anulacion de algin valor
propio, y valores muy grandes del mismo pueden ocasionar sglu¢iones erroneas por dar
demasiada viscosidad numérica al esquema.

3.2. Trabajos futuros

En la linea de investigacion del transporte de sedimentos y para dar‘continuidad
con el trabajo realizado en esta tesis, se podrian explorar las ideas siguiente.

1. Implementar los mismos esquemas numéricos con las diferentes leyes dek trans-
porte de fondo, para medir el impacto que estos tienen en la prediccion de la
evolucion morfologica.

2. Hacer la extension a dimension dos del modelo matematico y la respectiva exten-
sion del método numérico trabajado.



Congclusiones y Recomendaciones 55

3. Acoplar la solucion numérica para que el transporte de fondo se calcule al mismo
tiempo que la carga en suspension, lo cual implicara definir un esquema numérico
que pueda capturar las caracteristicas de dicho fenémeno.

4. Considerarsa la densidad de la mezcla del agua y sedimento como parte de las
variables conservadas y solucionar con el esquema numérico para dichas variables,
a partir de ‘elle’analizar si hay alguna mejora en la calidad de las soluciones.

5. Deducir modelos’multi capas para el transporte de sedimentos, para poder tomar
en cuenta la estragificacion del fenémeno conforme se va dando la interaccion del
sedimento con el aguas Plantear esquemas numeéricos bien equilibrados para la
solucion de los modelos multicapas.

6. Extender los esquemas numéricos del transporte de sedimentos a esquemas numé-
ricos de orden superior en €spacio y buscar al menos el segundo orden en tiempo.

7. Hacer anélisis de cuantificacion®de la incertidumbre que los parametros meten al
modelo matematico y a partir de ello determinar el mejor conjunto de paradmetros
para las situaciones que sesusquen recrear con los modelos trabajados.
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